In this work, we investigated the spin dynamics in a slab of chiral magnets induced by an alternating (ac) spin current. Periodic trajectories of the skyrmion in real space are discovered under the ac current as a result of the Magnus and viscous forces, which originate from the Gilbert damping, the spin transfer torque, and the β-nonadiabatic torque effects. The results are obtained by numerically solving the Landau-Lifshitz-Gilbert equation and can be explained by the Thiele equation characterizing the skyrmion core motion.
I. INTRODUCTION
The skyrmion spin texture is a kind of topologically-nontrivial magnetic vortex formed most typically in the bulk chiral magnets (CMs) and magnetic thin films [1] [2] [3] . In CMs it is believed that the spin-orbit coupling induced Dzyaloshinskii-Moriya interaction (DMI) governs the spin twisting 1 . Recently the magnetic skyrmion structure attracts intensive focus, both in the fundamental theoretic aspect and in its potential application in the information technology [4] [5] [6] [7] . In the magnetic skyrmion state the emergent electrodynamic effect originates from its nontrivial spin topology and gives rise to the topological Hall effect and a remarkable current-driven spin transfer torque effect 1, [8] [9] [10] [11] [12] [13] [14] . The so-called skyrmionics makes use of the skyrmion as a memory unit favored by its topologically protected long lifetime and ultralow driving current, which is five or six orders smaller than that for driving a magnetic domain wall 1, 15 .
Although the current-driven spin dynamics in the CMs with DMI has been intensively studied recently, less work of an alternating current (ac) driven skyrmion dynamics was reported. The skyrmion-motion-induced ac current generation has been predicted, which shares the reversed effect of our consideration 16 . In this work, we investigated the acspin-current driven skyrmion dynamics with the DMI, Gilbert damping 17 , adiabatic and nonadiabatic spin torques, and different current profiles taken into account. Our proposition is inspired by the following several aspects. Firstly, it is both theoretically and technically interesting to know the behavior of a skyrmion when an external ac current is applied.
Secondly, a high-speed low-power modulation of a skyrmion is favorable for potential memory processing. Lastly but not least, we noticed the mathematical significance of the solution of the Landau-Lifshitz-Gilbert (LLG) equation of a collinear magnet with periodically varying spin-currents applied, in which chaos is observed 18, 19 .
The topological property of a spin texture can be described by the surface integral of the solid angle of the unitary spin-field vector n(r). The skyrmion number is so defined as S =
4π
n · ∂n ∂x × ∂n ∂y d 2 r counting how many times the spin field wraps the unit sphere. More specific topological properties of a skyrmion can be considered by analyzing its radial and whirling symmetric pattern 1, [20] [21] [22] . In the continuum field theory, as a result of topological protection, the skyrmion cannot be generated from a topologically trivial magnetic state such as a ferromagnet or a helimagnet by variation without a topologically nontrivial force 2 such as a spatially nontrivial spin current 11, 12 , geometrical constriction 13 , domain wall pair source 5, 6 , the edge spin configuration 22 , etc., and vise versa. It is predicted by simulation that the skyrmion can be generated from a quasi-ferromagnetic and helimagnetic state by external Lorentzian and radial spin current 12 and that transformation is possible between different topologically-nontrivial states such as that between the domain-wall pair and the skyrmion 5, 6 . The local current flowing from the scanning tunneling microscope to generate the skyrmion in experiment can be approximated by a radial spin current, which imbues nontrivial topology into the helimagnet 11 . Also an artificial magnetic skyrmion can be tailored by an external magnetic field with nontrivial geometric distribution 23 . When the boundary geometry of the material is tailored such as by a notch in a long plate, a skyrmion can be generated by a collinear spin current 13 . In this case, the nontrivial constriction topology contributes to the formation of the skyrmion. The uniform current can move and rotate a skyrmion without changing its topology 15, 24 . In this work we will show that these topological behaviors of the skyrmion are retained in the spin dynamics driving by an ac spin current.
Almost all kinds of ferromagnetic and vortex spin dynamics can be described by the LLG equation. The behavior of the LLG equation is of importance in both the physical and mathematical sciences 18 . It has been shown by previous works that the spin torque effect driven by a periodic varying spin current can be described as well by the LLG equation
with the original time-independent current replaced by the time-dependent current in the spin torque term 18, 19 . Although chaotic behaviors are predicted in the spatially-uniform ac spin-current driven collinear ferromagnetic spin structure 18, 19 , which is well described by the single-spin LLG equation, no similar phenomenon is reported in a spatially-nonuniform spin lattice, the latter of which can be attributed to the relaxation processes of the inter-site scattering. Even if some sort of chaotic behavior occurs after a long time of evolution, it is workable to restore the original state by applying a magnetic field after some time. The influence of it on the skyrmionics exploitation is not large. In this work, we use a matrix- 
II. THEORETIC FORMALISM
We consider a thin slab of CM modulated by a constant magnetic field and an ac spin current. The strong DMI makes the material a skyrmion-host. In the continuum approximation, the Hamiltonian of the localized magnetic spin in a CM can be described as 1,12,13
with J and D the ferromagnetic and Dzyaloshinskii-Moriya (DM) exchange energies, respectively. The dimensionless local magnetic moments M r are defined as
where S r is the local spin at r and is the plank constant divided by 2π. We assume that the length of the vector |M r | = M is fixed, therefore M r = Mn (r) with n (r) the unitary spin field vector. The unit-cell dimension is taken to be unity. An external magnetic field B is applied perpendicular to the slab plane to stabilize the skyrmion configuration. The
Bohr magneton µ B is absorbed into B to have it in the unit of energy. The typical DMI D = 0.18J is used throughout this work 13 . This DM exchange strength corresponds to the critical magnetic fields B c1 = 0.0075J between the helical and skyrmion-crystal phases and B c2 = 0.0252J between the skyrmion-crystal and ferromagnetic phases, respectively. We adopt B = (0, 0, 0.01J) in our numerical considerations with J = 1 meV.
The extended form of the LLG equation that takes into account the DMI and the adiabatic and nonadiabatic spin torque effects can be expressed in the following formula 1,12,13,25
By assuming that the energy of a magnet with the local magnetization M r in a spatially varying magnetic field B eff r has the form of
and therefore the first term in the right hand side of Eq. (2) is
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The second to the last terms of Eq. (2) sequentially correspond to the effect of the Gilbert damping, the time-dependent spin current j(t) = j e sin(ωt)-induced adiabatic and nonadiabatic spin torques, respectively. p measures the polarization of the conduction electrons, e is the positive electron charge, and a is the average in-plane lattice constant of the CM. In our considerations the frequency of the ac spin current ω is small enough in comparison of the magnetization evolution rate. Therefore, the spin torques can be satisfactorily described by using the time-dependent current in the standard torque expression, which has been justified by previous studies 18, 19 . Here, the unit of time is set to be t 0 = /J ≈ 6.6 × 10 −13 s. A phenomenologically expected value of α = 0.1 is used in afterwards numerical considerations.
By looking deep into Eqs. (2) and (4), we can make some predictions of the behavior of the local magnetization. We know that the effect of the magnetic field together with the Gilbert term is to precess the magnetic spin into the direction of the external field. The first term in the right hand side of Eq. (4) is that the effective magnetic field is in the direction of neighboring spins. Therefore the evolution tends to form a ferromagnet. This contributes to the centripetal force of the magnetization in the direction of M r × M r ′ , which results in the precession of one around the other. The effective field in the DM term in Eq. (4) is −∇ × M r with unitary lattice constants. The integral counterpart of the curl is M r ′ · dl.
When the neighboring spins form a ring, the energy is the lowest, hence generating a spiraling force to the CM. It helps our understanding if we analogize all the other terms in the right hand side of Eq. (2) to the effect of a magnetic field. The local "magnetic field" of the phenomenological Gilbert damping force is proportional to −dM r /dt in the standard linearresponse damping form, proportional to the velocity and pointing oppositely to it. While the local spin is precessing, the direction of M r × dM r /dt points to the precession axis of M r adding a force swaying to that axis. The last two terms are the effect of the currentinduced spin torques. For convenience of interpretation, we discuss the case that j (r, t) is spatially-uniform and along the x-direction. Then [j (r, t) · ∇] M r = j x (t) ∂M r /∂x. In the case of the adiabatic torque, this term adds a velocity to M r making it sway to the direction of M r+ex , and M r+ex to M r+2ex , and etc. if j x (t) is positive. Therefore, the complete spin texture moves along the direction of the external spin current like a relay race no matter it is a skyrmion or a domain wall. In a periodic magnetic structure such as a ferromagnet and a helimagnet the "relay race" goes back to itself and hence no spin structure movement occurs. Following this physical picture, the local "magnetic field" of the nonadiabatic spin torque is along the direction of j x (t) ∂M r /∂x. It exerts a velocity perpendicular to that originates from the adiabatic spin torque. Its result is the motion of the spin texture in the direction perpendicular to the spin current. We have already analyzed the mechanisms of the LLG equation term by term. However, they affects the system collaboratively. While the adiabatic spin torque moves the skyrmion along the spin current, the Gilbert damping force contributes a velocity in the direction of M r ×dM r /dt and therefore the effect is a transverse motion of the skyrmion, which is the so-called Hall-like motion 12 . Also it is noticeable that the transverse velocity resulting from the Gilbert damping and the nonadiabatic spin torque is opposite to each other. In real situations, both α and β are much less than 1. The adiabatic spin torque makes the main contribution to the motion of the skyrmion. And when the two transverse force is equal, the motion of the skyrmion is straightly along the direction of the spin current. Therefore, periodic trajectories of the skyrmion in real space can be predicted under the influence of a spatially uniform ac spin current.
The previous discussions are well expressed in the Thiele equation describing the motion of the center of mass of a skyrmion as 1, 13, 24, 26 .
where v d = dR/dt = Ẋ ,Ẏ with R = (X, Y ) the center of mass coordinates, κ is a dimensionless constant of the order of unity, and G = 2πSe z is the gyrovector with e z in the direction perpendicular to the CM plane. The minus sign before j(t) is because of that the direction of the motion of conduction electrons is opposite to that of the current. The Thiele equation (5) 
III. NUMERICAL RESULTS AND INTERPRETATIONS
By multiplyingα −1 with
from the left to Eq. (2), the matrix-based Runge-Kutta method is developed. In Figs Variation of the skyrmion number in time driven by the ac spin current is shown in Fig. 1 .
It can be seen that cosinusoidal variation of S originates from the sinusoidal j (t) with exactly the same period. Fig. 2 shows the snapshots of the spin profile at the bottoms and peeks of the cosinusoidal variation of S and Fig. 3 shows the trajectories of the center of the skyrmion (see Ref. 27 for Supplementary Movie). The skyrmion number is a demonstration of the motion pattern of the skyrmion. While the skyrmion moves to one side of the CM slab, only part of a skyrmion is within the view and hence the skyrmion number is reduced. Previous authors have found that the velocity of the skyrmion increases linearly with the increase of the current amplitude and that the dynamical threshold current to move a skyrmion is in the same order of that needed for a domain wall 1 . Here we have reobtained the two points. It can be seen in Fig. 1(a) that the peak hight of the skyrmion number increases with the amplitude of the current density and it becomes almost invisible when j e is as small as 10 10 Am −2 . In Fig. 1(b) , the evolutions of S for different ac periods are shown. The frequency of the ac current is in the order of GHz, which is sufficiently adiabatic as the rate of the spin dynamics is in the order of 10 −12 s. We can see that the periodic pattern of S is better kept with larger amplitudes for smaller ac frequencies. It shows that the phenomenon is a good adiabatic one. Within our numerical capacity, it can be predicted that strong cosinusoidal variation can occur at MHz or smaller ac frequencies, which promises experimental realization.
The variation of S is the result of the motion of the skyrmion. The periodic translation of skyrmion is the result of the coaction of the instantaneous Magnus and viscous forces. The spin current gives rise to the drift velocity of the spin texture. As a combined result of the Gilbert damping, the DMI, the adiabatic and nonadiabatic spin torques, the skyrmion Hall effect, namely, the transverse motion of the skyrmion perpendicular to the spin current, is observed in topologically-nontrivial spin textures. As shown in torque effect exerts a force to align the spin at each site to its +x-direction neighbor while j(t) is in the e x direction, which results in the motion of the spin pattern to the +x direction 8 in a relay fashion. The Gilbert damping effect and the nonadiabatic spin torque add a transverse velocity to the moving skyrmion perpendicular to its original velocity. These two forces are in opposite directions when α and β are both positive. Therefore the transverse motion is determined by the sign and relative strength of these two effects. From Eq. (6) we can see that when β − α > 0 the skyrmion's y-direction motion is in a cosinusoidal form and when β − α < 0 it is in a negative cosinusoidal form. For the x-direction motion of the skyrmion, the direction is the same in the two cases and the magnitude is slightly smaller for the latter because |4π 2 | ≫ |αβκ 2 | holds for all physical parameter settings. And physically it is because the x-direction motion of the skyrmion is mainly determined by the adiabatic spin torque, which is the prerequisite for any motion of the skyrmion.
Our simulation results of the skyrmion trajectories for β = 0.5α, α, and 2α with fixed β and α is small in Fig. 3 (a) and (c), the cosinusoidal pattern shrinks into a step jump.
Besides the oscillation, a tiny linear velocity of the skyrmion can be seen in Fig. 3 (a) and (c). And the directions of this velocity are different in the two cases. We attribute this linear velocity to the whirling of the skyrmion from the artificial initial profile to the natural profile sustained by the real CM. Because at this whirling step, the Gilbert damping and the adiabatic and nonadiabatic torques are already in effect, the initial linear velocities are different in the two cases.
IV. CONCLUSIONS
In this work, we have investigated the dynamics of the skyrmion in a CM driven by 
